COMPLEMENTARY EXERCISES WITH PROBABILITY THEORY

EX1

Assume a certain type of respiratory allergy usuaffects 1 person out of 20, while food
intolerance affect 3.5% of people. Assuming thatttkio events are independent, what is the
probability of having both problems? and of havatideast one? and of having only one?

EX 2

In a study on the Body Mass Index in a certain jatpan it was estimated that 33% of people had
normal weight, 50% were overweight and 17% weresebln these 3 groups the probability of
onset of a certain type of cardiovascular disessespectively 1%, 3% and 6%. Assuming that the
population size is 10,000 people, compute:

a) How many obese people there were in the population;

b) What is the probability that an individual chosémaadom from the population has normal
weight and will be affected by that kind of cardaseular disease;

¢) Which is the probability that an individual chossrrandom from the population will have
that kind of disease and thus how many diseaseul@ee expect to have in the population.

EX3

In Mediterranean anaemia a parent who is a disieasezarrier (microcitemic) transmits the
genetic abnormality to child with 50% probabilitiythe child receives the abnormality from both
parents he/she will suffer from Mediterranean Areerifithe child receives the abnormality from
only one parent, he/she will be a disease-fre@ezgmicrocitemic).

a) What is the probability that the child of two disedree carriers will be sick? and that he/she
will be microcitemic? and that he won't inheritée@ abnormality?

b) Consider now the descendents of the child of tveeake-free carriers, say we call him Bob.
Bob is having children with an "healthy" woman; atls the probability that Bob's child will
be a disease-free carrier?

Suggestion for the approach: there are 3 possible situations, being Bob a disease-free carrier / sick
/ healthy, the probability of transmission depends on the situation, but all situations are possible ...

EX4

In conception, a certain type of couple has a grdibaof having a child with an inborn disease
equal to 15%; a diagnostic test during pregnancygésl to diagnose the event with certainty; the
test is given to 8 pregnant women. What is the godiby that 2 cases will be diagnosed? and the
probability that no couple will be diagnosed?

EX5
The death rate for A HIN1 influenza is 1 deathafut0,000 sick people, what is the probability
that among 100 sick people there won't be any @eath

EX6

Assume weight at birth is distributed accordingtdormal distribution with mean 2.8 and variance
0.16, what is the probability that a new-born clhigts a weight less than 1.8 kg?.

EX7



Assuming that the prevalence of microcitemia ie@ion is 15%, and giving a diagnostic test for
microcitemia to 100 children, if sensitivity is 808ad specificity is 98, how many positive tests
should we find?

EX8
The Skin-prick-test is often used for food allesggereening; it is a skin test that provides alrésu
15 minutes, the minimum sensitivity is 90%, butafety is low, around 60%.

What is the main problem with this test? For eaattence below, say if it is True or False.
a) The test gives too many false negative

b) The test gives too many false positive

c) The test leads often to a wrong diagnosis of faltergy, while the person is not allergic
d) It is highly probable that a person with allergyegative

Additionally, according to some studies, food ales are observed in 6% of children and 1.5% of
adults. Say whether each of the following senteixdsue or False and, if False, suggest a
correction for the underlined parts.

e) A child given the Skin-prick-test has a @#dbability of having a positive test

f) A child given the Skin-prick-test has a 90% probabilityha¥ing a positive test

g) An allergic adult given the Skin-prick-test hassitive test with probability equal to 90%
h) A child who gets a positive Skin-prick-test &80 probability of being allergic

i) The probability of being allergic when the Slpnek-test is positive is the sanmreadults and
children

EX9

In a lab they have developed a new diagnostideesieliac disease based on a blood sample. They
need to estimate sensitivity and specificity byatmlled experiment. They take 20 patients with
biopsy-proven celiac disease ("diseased") and 68mia who were checked due to symptoms but
were found not having the celiac disease ("notatied"). All 80 subjects are given the new test,
results are as follows:

Test +| Test -| Tot
Diseased 17 3| 20
Not diseased 5 55| 60
tot 22 58| 80

Compute sensitivity and specificity and the posigoredictive value, assuming that the prevalence
of celiac disease is 8%. Compare the latter reg@tht what you might obtain from the table: is there
a difference, and why?

EX 10

suppose each person has a probability equal to (14%r thousand) to develop type | diabetes
during the entire life. This disease has a probgetestic component; in fact a person whose sibling
has type | diabetes has 5% risk of developing tygiabetes, and this risk is 30% if the affected
sibling is a syngenic twin.

a) If John and Mary are a married couple, whatésprobability that both develop type | diabetes?
b) If John and Mary are sibling, , what is the @bitity that both develop type | diabetes?



SOLUTIONS

EX 1 (allergy and intolerance)

The events we are considering and the data ofxdmkeise are:
A = Respiratory Allergy, p(A)=1/20 =0.05

| = Food Intollerance, p(1)=0.035.

A and | indipendent events

Let us now write the exercise questions in termgrobabilities and use the formulas to solve:

- Probability of having both: p(A & I) [interseoti] = [due to independence] = p(A)
-p(1)=0.05-0.035=0.00175 (approssimately: abowtrdope thousand)

- Probability of at least one: p(A or I) [union]pfA)+p(1)-p(A&l) = 0.05+0.035-0.00175=0.08325
(about 8.3%)

- Probability of one only: we can see two appre@sch
The first illustrates general approach, using the decomposition of omeent of interest

In fact the event we are interested in is (A & Hair (I & not A) — correct?
Now notice that this is the union of two incompbibvents, thus its probability is:
pP( (A &notl) + p(l &not A) = (*)

The events “not | ” and “not A” are respectivelgtbomplement of | and A, thus:
p(not 1)=1-0.035=0.965 ; p(not A)=1-0.05=0.95

Since A and | are independent events, also themptemet events are independnet and e.g. A is
independent of "not I". Thus the probability ofiatersection like (A & not I) is the product of the
probabilities of the two events, and thus:

(*) = p(A)-p(not I) + p(I) -p(not A)= 0.05-0.965-a85-0.95=0.04825+0.03325=0.0815

According to another and more intuitive approaanly one” means “one or the other but not
both”, and, also by using a picture, this suggestompute the probability as:
pr(one or the other) - pr(both) = pr(union) - préirsection) = 0.08325 - 0.00175 = 0.0815

EX 2 (Cardiovascular disease and BMI)

The events and probabilities we know are:

N=Normal weight, p(N)=0.33; S=overweight, p(S)=030bese, p(0)=0.17. Notice that these
events are not overlapping (incompatible), andagéther (their union) represent the space of a
eventsQ2 (NUSUO=Y); in terms of probabilities, we have that p(N)+p{&O)=1.

Additionally, we consider the event M which is threset of a specific kind of cardiovascular
disease. We know from the exercise text the prdibabf M under different conditions —i.e. we
know the following conditional probabilities:

p(M|N)=0.01 p(M|S)=0.03 p(M|O)=0.06
Finally, we know the population size n=10,000 peopl

Questions:
a) number of obese people: p(O)-n =0.17-10,000801,
b) p(NN M) = p(N)-p(M|N) = 0.33-0.01 = 0.0033 = 3.3 %0 (pee thousand)



c) p(M): this is another example of use of a decaositpn of an event: to approach the question we
need to consider that the probability of M depemlshe class of BMI (and we know such
conditional probabilities) and that the compositadrthe population according to the class of BMI

is given by the probabilities that we know too:

pMM)=p((MNN)UMNS)UMNO)) these events are incompatible (since N, S
and O incompatible}»
p(M)=p(MN N) +p(MN S) + p(MN O) the first was computed at step b, similarly:

p(M) = p(M|N)-p(N) + p(M|S)-p(S) + p(M|O)-p(O) :0033+0.015+0.0102 = 0.02853%
— number of people affected by disease = p(M)-02&b6-10,000= 285

- Notice that we applied a sort of weighted averaigde conditional probabilities of disease onset
given the class of BMI, with weights given by threyalence of the class of BMI (the sum of the
weights being 1 as it should be). If we had prdpaelly more obese than people with normal
weight, since the probability of M given O is largkan given N, overall p(M) would have been
larger.

- Notice that in the sum that returns p(M) the éargontribution comes from the group of
overweight people, despite their probability of ensf the disease is not the largest. The Risk
Ratios are RBsn=6, RRsysn=3. The mechanism is that even a low risk of disespplied to a large
number of people (the overweight are the largestigyimply a large risk for the population. This
kind of reasoning is key in epidemiology and pubilealth.

EX 3 (Transmission of Mediterranean anaemia)

Let us use P for the event “disease-free carriaitiocitemic), M for the event “affected of
Mediterranean anaemia”, and S for "healthy" (limite this kind of disease). Notice that the latter
is the complement to the union of the first twod &ime three vents are incompatibel.

The other event of interest is T=transmission efdbnormality; according to the text p(T|P)=0.50,
and, as it is intuitive, p(T|M)=1, p(T|S)=0.

a)

- child is sick if there was transmission from bptrents; transmission form one parent is
independent of transmission from the other paténs p(child is sick | both parents disease-free
carriers) = p(T|P)-p(T|P) = 0.25;

- p(child is disease-free carrier | both parendsa@se-free carriers)= 2-p(T|P)- (1-p(T|P)) = 0.5. In
fact we must consider the event that father tratssamd mother doesn't, or the other way round -
the two cases have the same probability, that'swdynultiply it by 2;

- p(child is healthy | etc) = p(no transmissiomirtather & no transmission from mother)= (1-
p(TIP))- (1-p(T|P)) = 0.25

b) Bob's child has a healthy mother, thus he/shido@ia disease-free carrier only if he/she
inheritates from Bob (event: transmission); trarssian can happen only if Bob is disease-free
carrier (P) or sick (M). Also here we make a decosifion of the event of interest (T), and
compute its probability as a sort of weighted ageraf the probability of transmission given P and
given M:

p(T)=p(TIM)- p(M)+ p(T|P)- p(P)=p(T|M)-0.25 + p(T|®)0 = 1-0.25+0.50-0.50 = 0.50

Notice: there should be a third addendum sinceetisea third situation, that Bob is sane, but at th
case the probability of transmission is zero; imeotterms, the third addendum is equal to zero:

pP(TIS)-p(S)=0-p(S)



EX 4 (Inborne disease)

This is a typical problem with a Binomial distrilbart: we are interested in a certain event called
“success” (here, diagnosis of inborn disease) withwn probabilityr=0.15, and we repeat the
observation in n=8 “trials” (women, or couples). émnt X=number of successes in 8 trials.

The questions ask respectively Pr(X=2) and Pr(X=0)

p(X =2) =(8)o.152 rogs? =S /6L 1210 (3100 yg56 — 9937
2 (20) (6 (60.. (20

p(X =0) = (8) 015° (D85° =— O 1088’ = 0,272
0 0B -0)!

EX 5 (Death due to A HIN1 influenza)

The information we have is p(deathy= 0.0001. We want to know the probability that Xiamber
of deaths in n=100 sick people is 0. This is adgpproblem with Binomial distribution, anyway
the probability of successis very small and the number of trials is veryhithus we can use the
Poisson formula (the Poisson is also called theilligion “of rare events”).

The parameter for the Poissoriusn-n=0.01 (it represents the average number of deafexceed
in the population with 100 individuals).

e_0'01 0010 —e 001 _

(X =0)=—/
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EX 6 (Weight at birth)

This is a simple exercise of usage of the Normaleas a theoretical tool. Parameters are: mean
u= 2.8, variance’=0.16

Thus, standard deviation4s0.4.

For computing p(X<1.8) we look in the tables fatandard Normal N(0,1) what is the probability
that Z is < the standardized value z:
18-28
zZ= =
0.4
Remind that the table returdgz), the area under the curve from -infinitive tordy for positive z;

the area we are looking for is an area in a tailiais equal to the area from 2.5 to infinitives.iit
is equal to 1d(2.5).

On our tablegay attention if you are using another table, not all texts report this kind of area)
crossing the row for 2.5 with the column for 0 wedf®(2.5) = 0.994— the probability we want is
0.006~ 6%o.
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EX 7 (Diagnostic test for microcitemia)

Use P for Positive test, N for negative test, M"fitisease”, which in this case is microcitemia.
p(P | M) = sensitivity = 80%

p(N | not M) = specificity = 98%

p(M)=15%

The number of positive tests is the sum of TruatRegPositive tests among children with
microcitemia) plus False Positive (Positive test®ag children without microcitemia). Children
with microcitemia are expected to be 15 (15% ofgaeple, 15 out of 100!), the other 85 are not
microcitemic. Thus:



- the expected number of True Positive is: p(B-[18 = 0.8-15=12
- the expected number of False Positive is: p@h|M)-85 = (1-0.98)-85= 1.7
— in total we expect about 14 Positive tests.

EX 8 (screening for food allergies)

sensitivity = 90% = (introducing some notation) B([TAL)
specificity = 60% = p(N | not AL)

In the second part of the exercise the test giveptevalance of AL which depends on age: itis|e
0.06 in children and 0.015 in adults

a) The test gives too many false negatvé-alse false negative are 10% (1-sensitivity)
b) The test gives too many false positiwelrue: false positive are 40% (1-specificity)

c) The test leads often to a wrong diagnosis ofl faliergy, while the person is not allergi
True, it states the same as point b

d) It is highly probable that a person with allergyegative> Falseg it states the same as point a

e) A child given the Skin-prick-test has a @¥obability of having a positive test False
Compute this probability as:

We restrict to children now, thus pr(AL)=0.06.
Pr(TP)=Pr( (TP & AL) or (TP & not AL) ) =
=Pr(TP & AL) + Pr(TP & not AL) =
=Pr(TP | AL) - Pr(AL) + Pr(TP | not AL) - Pr(nAt) =
=sens. - 0.06 + (1-spec) - (1 —0.06) =
=0.9-0.06+0.4-0.94=0.43
Thus the correction is 43% instead of 6%.

f) A child given the Skin-prick-test has a 90% probabilityha¥ing a positive tesb False The
correction is "an allergic child" in place of "offil (the following sentence suggested the correction)

g) An allergic adult given the Skin-prick-test hassitive test with probability equal to 90%
True

h) A child who gets a positive Skin-prick-test &80 probability of being allergic> True. This
is the result of the calculation of the predictiadue of a positive test:

We restrict to children now, thus pr(AL)=0.06.
Pr(AL | TP)=sens. - prev./[sens. - prev + @cp (1 —prev) ] =
=0.9-0.06/0.9-0.06+0.4-0.9426.1
i) The probability of being allergic when the Slpnek-test is positive is the sameadults and
children-> Falsg since the prevalence is different in children addlts. In adults the prevalence,
i.e. the prior probability of allergy, is lower, dthus also the posterior probability will be lower
We can verify this by computing the predictive \v&abf a positive test for adults:

This time we restrict to adults, thus pr(AL)=0.015.
Pr(AL | TP)=sens. - prev./[sens. - prev + @c3p (1 —prev)] =
=0.9-0.015/0.9- 0.015 + 0.4 - 0.986033

For an adult who has a positive test the probgllitbeing allergic is only 3.3%, compared to
12.6% in children.



EX 9 (experiment on a diagnostic test)
From the table, estimated parameters are:

sensitivity = 17 / 20 = 0.85
specificity = 55/ 60 = 0.92

For the positive predictive value of the test, gdime prevalence = 0.08 and the Bayes formula, we
get:

sens! prev _ 0851008 — 047
sensprev+ (1—spec) [(1—- prev) 0850008+ (1- 092) [{1- 008)

p(M |T+) =

Thus a subject who gets a positive result withnie test has 47% probability of being celiac -
which means that the biopsy will give positive fesuth 47% probability.
If we used the data from the table instead:

p(M | T+) = (true positive) / positive = tp / (tpfp) =17 /22 =0.77

The results are different, and the second one I©OW® since the second approach does not use the
correct value of the prevalence, but the valueinbthfrom the table, which is wrong since the
relative numbers of patients with disease 20/8® ¢ represent the population, but was chosen

by the investigators for their convenience (it cblbé by chance that true prevalence = estimated
prevalence, or it could be done on purpose; gelgeriis not, and often the ratio between diseased
and not diseased is 1:2 or 1:3).

So with wrong prevalence higher than true (25%))geewrong predictive value, 77%, higher than
true.

To complete the illustratiortet's see an example were the estimated prevalensecorrect

A large observational study (see courses in epidieqy) considered a population of 100 people
exposed to a chemical material that could inducertain blood cancer. All people were given a
diagnostic screening test to assess whether theegthsorbed large quantities of the chemical
material, being thus classified into "at risk" dgtive and "not at risk" if the test was negative.
Among the 100 people, 22 had that type of candee.cfosstab was:

Test +| Test -| Tot
Diseased 13 9| 22
Not diseased 25 53| 78
tot 38 62| 100
Estimates:

sensitivity = 13/ 22 = 0.59
specificity =53 /78 = 0.68

estimated prevalence: 22/100 = 22%
This estimate correctly returns the overall prewedein the population. Thus we can use both

procedures to compute the positive predictive valube test:
- either the Bayes formula:



sens! prev _ 059[022 _
senslprev+ (1—spec) [{1—- prev) 059022+ (1- 068)[(1- 022)

p(M |T+) =

- or the (faster) formula that looks the percentaghe table:

(true positive) / positive = 13 / 38 =0.34

Let's see also the predictive value of a negaésg tvhat is the probability that a subject with
negative screening test is diseased?=

(1-sens) [ prev _ (@- 0591022

p(M |T-) = = =
(1—sens) Cprev+spec[{1- prev) (1- 059) D22+ 068[{1- 022)

EX 10 (type | diabetes)
The probability of disease p(D) is in general 0.004nyway depends on what we know:

p(D | a sibling is diseased) = 0.05
p(D | a syngenic twin is diseased) = 0.30

Let us use the symbols DJ and DM respectively Johh is diseased" and "Mary is diseased", we
need p(DJ & DM) under two different situations.

a) married

the two events are independent, thus:

= p(DJ)- p(DM) with p(DJ)=p(DM)=p(D)=0.004
thus: Pr(DJ & DM)=0.004-0.004=0.000016

b) sibling (notice: being a male and a female te@ynot be syngenic twins)
this time the two events are not independent bectusexample p(DJ | DM)=0.68.004

p(DJ & DM)=p(DM)-p(DJ | DM )=0.004-0.05=0.0002



