COMPLEMENTARY EXERCISESWITH STATISTICAL INFERENCE AND ANALYSIS
OF ASSOCIATIONS

EX1

In a sample of 40 patients, the mean of White BlGodnt was 2.9 (x1000/fland the variance
was 0.336. Provide a point estimate and an intest@inate by 90% Confidence Interval for the
expected value of WBG.€. mean of the population of all patients affected by that disease).

EX 2

A group of 60 people is tested for the presence adrtain genetic abnormality; this is detected in
14 people. What is the estimate of the prevaleht@®genetic abnormality? Provide an interval
estimate with 95% confidence level.

EX3

The distribution of Body Mass Index (BMI = weiglk / [height (m)]*2) in a certain population
is approximately Normal, with con standard deviat®2. In a group of 26 people chosen at
random from that population, the mean BMI was 2€@npute a point and an interval (95%CI)
estimate of mean BML, and give an interpretation.

Afterwards, assuming that the unknown mean of thmufation is exactly equal to the point
estimate, provide a range of values for BMI sudt 85% of the population is included in that
range.

EX4

Among 80 patients treated with a new drug for aatedisease, it was observed a low average
Count of Red Blood (equal to 3.4X1f), which is inferior to the reference value fbat
population, which is 5xT¥ml. Knowing that the standard deviation in the pnwas 4.5x13ml,
we want to verify whether the treatment can indoeeRBC. Make a statistical hypothesis test,
using both the method of computing the p-valueh e method of rejection regions.

EX5

Among the same 80 patients of EX 4, we observemthks onset of dermatitis in 25 of them. In fact
dermatitis is a side effect of the disease, whmlmally occurs in 10% of patients. Should we
conclude that the treatment modifies the incidesfatermatitis? Make a two-sided test both
computing the p-value and using the rejection negjiat 5% level. Afterward, return a measure of
the effect of treatment on the probability of onsletlermatitis by a Risk Ratio.

EX6

A physician specialized in nutrition devises a riemd of diet (A) for loosing weight. He wishes to
compare the efficacy of this diet versus the kihdiet he used to prescribe (B). He has the results
for two groups of patients, 39 treated with the dilet B, who lost on average 2.9 kg (dev.
std.=1.2kg), and 34 patients treated with the netvAl who had an average weight loss equal to
3.5 kg (std=1.1kg). Assuming that weight loss fatoa Normal distribution and that the variances
in the populations are the same, do a 2-sided hggi test at 5% level. Is it correct that diesA |
better than diet B? what should be considered daggthe two samples in order to be sure of the
conclusion?

EX7

A group of 7 subjects is treated for hypertensiire diastolic blood pressure (minimum) is
measured before and after a certain number of afatysatment: results are reported in the table
below. The objective of the study is to assess drahe treatment has a beneficial effect. Can we
solve the problem with the methods we know?



Subject 1 2 3 4 5 6 7
Before 118 100 108 97 120 102 104
After 100 105 89 78 96 97 88
EX 8

186 patients were treated for a certain diseasehad treatment A, the other 64 had treatment B.

In group A, 37 subjects responded to therapy, augB, there were 32 responders. The data are
also reported in the contingency table below. Campiue response percentages and compare them
using the Risk Ratio with group A as baseline.

To assess the significance of the difference wellshase appropriate tests for frequencies, but we
can also compute a measure of association forahgéngency table and make a test for the
presence of a relation. Use5%.

Response
Treatment no | yes| Tot
A 85| 37122
B 32| 32| 64
tot 117| 69| 186

EX9

Given the following series of data on Height andigieof 8 patients, compute a measure of
association, then identify the straight line thesctibes the dependence of Weight on Height, and
predict the weight for a patient 165 cm tall. Obg®y that patient id=1 is 165 cm tall and weighs
55.2 kg, make remarks about the consistency bettirmemodel and the data.

id | Height, cm| Weight, kg
1 |165 55.2

2 | 157 48.1

3 | 168 65.6

4 | 178 72.0
51171 73.5

6 | 182 77.9

7 | 182 80.3

8 | 153 49.4

EX 10

The following table reports the results of a logisegression model (a kind of linear model for
dichotomous outcomes), i.e. the estimated effeatsdries of factors on the risk of short-term
progression in a specific kind of cancer. The dffe@stimated in terms of odds ratio, with 95%
Confidence Interval, and the last column reporgsptfvalue for its significance. For each of the
following questions, say if the answer given isdar False, and if False make the appropriate
correction.

Factor OR 95% CI p-value
Treatment B vs. A 0.47 0.31 0.72 0.004280
Prior treatment 1.44 0.88 2.36 0.142867
High. Beta2 Microglohy 2.36 1.35 4.12 0.002690
DEL13 abnormality 2.03 1.29 3.17 0.000518

a) Does treatment have an impact of the risk of pregjon?
b) What is the effect of a prior treatment?



¢) Which is the most important risk factor?
d) What is the effect of high Beta2 microglobuline?



SOLUTIONS

EX1

The point estimate of the mean of the populatidhésarithmetic mean computed in the sample,
thus 2 =2.9; in fact the sample meanis an unbiased estimator pfvith several other properties
(efficiency, consistency etc). The requested vitkeestimate is a 90% Confidence Interval, we can
use the formula we know from the course repladigknown variance? (parameter of the
population) with the estimated variance from thesie $ — in fact the sample size is “large”,

n=40.

$°=0.336 (and thus s=0.57963558).
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(Notice that we use the quantile 1.64, which leamdke tail a 5% probability and thus leaves
externally to the interval a 10% probability; udydhe confidence interval is requested at 95%
confidence level, thus usually the quantile used 9§, which leaves 2.5% in the tail and overall
5% externally)

Interpretation: for this kind of patients we expentaverage a WBC value between 2.75 and 3.05.
Pay attention: this is NOT the range of WBC valubs,range is lager; this is the range for the
average WBC valuesee EX 3 and use this reasoning in that exercise.

EX 2

The point estimate of the prevalence in the poprigpor in other terms of the frequency of the
“disease” in the population, or of the probabilifyhaving the “disease” — here “disease” staysafor
genetic abnormality) is just the proportion (petege) observed in the sample, which is
71=14/60=23%. Since we have a large sample (h=60hference purposes we can assume that
71behaves like a sample mean for a quantitative coatis random variable X. Thus:

-z, q/M, m+z, q/M =| 023-196, 223277 023+ 196 | 923077 |- (013,034)
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Thus the prevalence of the genetic abnormalithépopulation ranger between 13% and 34%.

EX3

According to the text of the exercise we can asstimaeBMI is distributes as a Normal variable
and that we know the variance of the populatior {dxt provides the standard deviation, which is
its squared root). Thus even if the sample is kak6) we can use our formula for the 95% CI
for the interval estimate requested — being thatpestimate ofi simply equal to 24.2.
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Thus for a person chosen at random from the samelgtton used to extract the observed sample,
we expect on average a BMI value equal to 24.8porg from 23.35 and 24.05.

To be more specific, this is the predicted valueafo “average individual”, but we know that there
is some variation around the mean of a variable [[BMariability expressed by the standard
deviation of the population, 2.2. To compute a eafjpossible values for BMI we must thus use



the properties of a Normal distribution, assumiag the last question indicates) that it has mean
equal to 24.2 and st. dev. equal to 2.2.

With N(u= 24.2,6=2.2), and knowing that for each Normal curve 95%adues are included
betweenu —196[c andu+ 196[c , we conclude that 95% of possible BMI valuemdividuals

of that population are included between 19.89 éh82 (A larger range and the one that we
usually consider as the largest, i.e. from the mumn to the maximum, is the one that has a radius
equal to 3 around the mean, it provides almost all value8.#% — of the population: 17.6,30.8)

EX4

First step is writing the hypotheses of the tebe Tiypotheses regard a parameter of a population,
in this case the mean The null hypothesis assumes a “neutral” knowledgéhis case it assumes
thatp is equal to the reference value (know from therditure, from prior knowledge, etc), which is
5 (being the unit of measurement/tal). The alternative hypothesis is our experimenta
hypothesis, a deviation from the neutral knowledgeially it is a two-sided hypothesig ¢ ) But

in this case we are interested in proving thattbatment reducgs and thus we will consider H1:
u<5s.

Notice: we make this choice here to illustratephgcedure for a one-sided test, but in real lifs it
usually NOT appropriate to do one-sided testst israppropriate as long as the significance lesel
halved, for example either the test is 2-sided wit.05 or the test is one-sided with 2.5%: both
provide the same tail as rejection region — ane ¢ne same result, provided that the test staistic
falls on the rejection side — see below for furtbeplanations.

So our hypotheses are:

Ho: u=5 Vs H: pu<5b
Notice that when we write the hypotheses of awesNEVER use the values observed in the
sample of observations.
Il test for the mean of one population is a t-te&,can use our formula since we are in one of the
situations when it is allowed: we have a large darip=80); the test statistic is:
_X—p, _ 34-5 __318

B U/\/ﬁ B 4.5/\/8_0 )

t

This value falls far away from the average valueswgect under the null hypothesis (the value 0),
still we cannot draw a conclusion since whetheis‘iteally far” or not depends on what is the
variability of the population (under the null hypesis). That's why we construct rejection regions
or compute a p-value: because “far” means “oddxpeeted, wired” in the context of statistical
tests.

The rejection region fox=0.025 includes all values of t below the threshal®6, thus our test
rejects the null hypothesis at 2.5% level (as daida one-sided test of levelwe use the same
rejection tail of a two-sided test of level;2f we wanted to keep=5% and a one-sided test, we
should have considered the threshold leaving avithl probability 5%, which is -1.64, the same of
a two-sided test with=10%).

The approach of computing the p-value requireotopute the probability that the test statistics
falls below the observed value t under the nulldiipsis. In other terms, in this exercise we must
compute the are under a standard Normal in therltaledelimited by z= -3.18. Since the table has
only positive z, we compute the area as:

p = 140(3.18) = 1-0.999 = 0.001



(Notice: if the test was two-sided, this area stidwdve been multiplied by 2 to find the p-value, as
we would have had 2 tails: p=0.002)

This is our p-value. It is very small; it says thathe null hypothesis was true and thus the
population of patients treated with the drug haortimal” RBC with expected value 5, in the sample
we would have observed an average equal to 3.40001 probability, i.e. in 1 out of 1,000
samples. We believe this is “too wired” to happedar the null hypothesis, and we reject it.

EXS

This exercise is a replicate of the previous oimeesbeing interested in a parameter which is a
probability (of onset of dermatitia) and having a big sample we can use the t-taétlas
parameter of interest was the mean of a continuariable.

The hypotheses are based on the reference vatuestial probability of onset of dermatitis, which
is 10%, the alternative is 2-sided as requesteithdyext:

Ho: w=0.10 vs H: © #0.10

(again: notice that we don't use the percentagerobd in the sample to write the test hypotheses)
From the sample we obtain the point estimate 031, and from this its standard error

M =0.052; the test statistic s 4.10.
\ n

This value is clearly very far from 0 which is exped under HO, in particular it is below 1.96
(threshold forn=5%). If we try to compute the p-value, we get girOpublication the notation
usually used for p=0is p<0.0001).

Thus the test rejects HO and we say that the data a significant difference of the observed
incidence from the reference value. According ie gudy, there is a significant increase of the
incidence of dermatitis among patients treated téhdrug. The increase is measured by
RR=0.31/0.%23: the treatment induces an increase by 3 timéseoihcidence.

EX 6

Let us set as first the hypotheses of the test:

HQZSZMA-HBZO VS H_:SZMA-HB;ﬁO

The two groups are independent since the subjégiap A are not the same as group B and they
don’t share any feature (cases when the two grougist share relevant features would be for
example when comparing individuals of the same lfalikie siblings — who might not live together
and still share genetic factors or environmentants during infancy — or partners — who might
share environmental factors, diet, habits etc).

The comparison of means of continuous factors aiitiple sample sizes and same population
variance (stated in the text) can be done by thstt-
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n+n,-2 34+39-2
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Using the approach of rejection regions, we cagactdhe null hypothesis of no difference between
the mean of A and the mean of B at 5% significdaegel (in fact the threshold is 1.96).



Using the calculation of the p-value for asses#mgsignificance of the observed difference, we
look up in the table of the standard Normal theigalorresponding to z= 2.22: the area is 0.987;
thus the area in one tail is 1-0.987=0.013, anddta probability of the tails (2-sided test) is
p=0.026.

Thus the observed difference is pretty significtime,data allow to reject HO and support the
hypothesis that diet A gives larger weight lossitteet B. This is a “statistical” association which
anyway might be not casual; there can be a caekdianship between changed diet and larger
weight loss IF the two groups of patients were lsinwith respect to all characteristics potentially
influential on weight loss, like starting weighgrgler, age, physical activity and so on, as well as
the methods and tools for measuring weight los&wes same in the two groups. In other terms
any relevant difference with respect to one of¢hather causal factors might have determined the
observed difference: the relationship betweenahetweight loss might be confounded by other
factors. To conclude, there is a statistically gigant difference in weight loss between group A
and group B, an analysis of potential confoundersecessary to claim that diet A is more effective
than diet B.

EX7

A general idea might be to compare the mean ovdhees “before” with the mean of the values
“after”. The first problem we encounter is that th® samples of data are not independent: these
data are “paired”, in fact they are measured ors#imee individual. Thus we cannot make a t-test
like in EX 6. There is a specific t-test for pairéata. Basically, it does the following:

We consider the variation of blood pressure, coegbas Value After-Value Before. We get a
sample of 7 values.

Subject 1 2 3 4 5 6 7

Reduction 18 -5 19 19 24 5 16

The test regards the mean of the population fromeclwive extracted the 7 valués,in case of no
effect, this mean is 0, otherwise it is differeman O:

Ho:6=0 VS. H: 6#0

We can solve this problem using a t-test for omepa. Anyway we have a further problem, since
we have a small sample and we don’t know the veeari the population. Thus we cannot solve
the problem with the tools we know. The test camayalied using the tables of another distribution
called “Student’'s T".

EX 8

The response percentages are computed as rowegrofd. considering the conditional
distributions of Response given the two differ&viels of the variable Treatmeng p 37/122 =0.3

, ps= 32/64=0.5. The Risk Ratio is 0.5/0.3=1.65: thebability of response with B is increased by
65% with respect to A.

The measure of association and the required tesharChi-squared. The null hypothesis HO is that
there is no association between Treatment and Respoe. that in a population the percentage of
response with A and B are equal. The alternatiymthesis is that there is an association, i.e. that
the two percentages of response in the populatedifferent according to which treatment is
given A or B.

The Chi-squared is based on a measure of the destsetween the observed frequencies and the
frequencies we expect under the null hypothegisassuming that HO is true:

expected freq.:

Response
Treatment no yes
A 76.74 | 45.26
B 40.26 | 23.74




differences (sum to obtain the test statistic):

Response
Treatment | no yes
A 0.889 | 1.507
B 1.694 | 2.872

Chi-squared=6.962, it is higher than the thresthaigignificance levet=5% (1 degree of
freedom, since the table is a 2x2) which is 3.841ls the test rejects the null hypothesis at 5%
level. Notice that also with a lower significane®él likea=0.01 — and thus with a more cautious
test, which requires a stronger evidence to réjéct we could reject HO (threshold would be
6.635).

EX9
The measure of association we can compute isribarlicorrelation coefficient: (using the “fast
formulas” for covariance and standard deviations)

Height, X| Weight, Y X*Y XN2 Y2

165 55.2 9108 27225| 3047.04

157 48.1 7551.7 24649 | 2313.61

168 65.6| 11020.8 28224 | 4303.36

178 72 12816 31684 5184

171 73.5| 12568.5 29241 | 5402.25

182 77.9| 14177.8 33124 | 6068.41

182 80.3| 14614.6 33124 | 6448.09

153 49.4 7558.2 23409 | 2440.36

sum 1356 522 | 89415.6| 230680 |35207.12
sum/n 169.5 65.25|11176.95 28835 | 4400.89
- mean”2 104.75 | 143.3275

*n/(n-1) |119.7143|163.8029

sqrt 10.9414 | 12.79855

Covariance =11176.95 — 169.5 - 65.25 = 117.065
Correlation Coeff. r =117.065 / (10.94 - 12.8@).836
The value r indicates a strong positive associdigtween the two variables.

Let us now compute the slope and intercept foreigeession line:
beta =11176.95/119.7143 = 0.978
intercept = 65.25-0.978-169.5=-100.513

The weight value predicted by this regression méwleh subject with height=165 is thus:
y*=-100.513+0.978-165=60.84

The model over-estimated the weight of subject iilyway the order of magnitude is rather
consistent)

EX 10
a) Does treatment have an impact of the risk of pregjon?
- Yes, it has a very significant effect (p<0.001h&ng_lessat risk of progression than
treatment A. In fact the OR is less than 1, whickans that B compared to A
(baseline, denominator) is a protective factdrNeeds correction, underlined



b) What is the effect of a prior treatment?

- The average increase of the odds of progressiestimated to be equal to 44%, but the
estimation has a high variability, according tethiodel it could even be a protective
factor; this is a non-significant facte® True

¢) Which is the most important risk factor?

- Itis the presence of DEL13 abnormality (p=0.0085)alse. The most relevant is the

increase of Beta 2 microglobulin (since it hasldrger OR)
d) What is the effect of high Beta2 microglobuline?

- The odds of progression is increased by about 36&oeffect is highly significantp

True



